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6HPLFODVVLFDO ZLWK DQ DFFXUDF\ RI =  PRWLRQ HTXDWLRQ IRU UHODWLYLVWLF HOHFWURQ ZKLFK
IROORZIURPWKH'LUDFHTXDWLRQDUHGHULYHGLQWKLVSDSHU:HGHWHUPLQHERWKWKHHYROXWLRQ
HTXDWLRQIRUHOHFWURQSRODUL]DWLRQZKLFKWDNHVWKHQRQ$EHOLDQ%HUU\SKDVHLQWRDFFRXQW
DQG +DPLOWRQLDQHTXDWLRQVIRUWUDMHFWRULHVRIWKHSDUWLFOHZDYHSDFNHWFHQWHULQWKHSKDVH
VSDFH7KHHTXDWLRQVKDYHFRYDULDQWIRUPZLWKUHVSHFWWR  8 JDXJHWUDQVIRUPDWLRQVDQG
FRQWDLQWRSRORJLFDOVSLQWHUPVWKDWDUHFRQQHFWHGWRWKH%HUU\JDXJHILHOGDULVLQJGXULQJWKH
GLDJRQDOL]DWLRQRI WKH'LUDF HTXDWLRQ7KH WUDMHFWRU\HTXDWLRQVREWDLQHGDUH VXEVWDQWLDOO\
GLIIHUHQW IURP WKH WUDGLWLRQDO RQHV IRU LQVWDQFH WKRVH WKDW IROORZ IURP WKH 3DXOL
+DPLOWRQLDQ DQG FRUUHVSRQG WR FRQWHPSRUDU\ LGHDV RI WRSRORJLFDO VSLQ WUDQVSRUW RI
SDUWLFOHV
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'HVSLWH LWV ODFRQLF IRUP WKH'LUDF HTXDWLRQ LV GLIILFXOW WR DQDO\]H LQ WKH SUHVHQFH RI DQ
H[WHUQDO HOHFWURPDJQHWLF ILHOG 7KH WDVN RI GHVFULELQJ WKH HYROXWLRQ RI DQ HOHFWURQ FRQVLVWV LQ
HVVHQFHRIVHSDUDWLQJWKHQHJDWLYHDQGSRVLWLYHHQHUJ\OHYHOVLQWKH'LUDFHTXDWLRQLHEULQJLQJ
LW WR WKH EORFNGLDJRQDO IRUP 7KLV SUREOHP FDQ EH VROYHG H[DFWO\ IRU D IUHH HOHFWURQ LQ WKH
DEVHQFH RI DQ H[WHUQDO ILHOGZLWK WKH KHOS RI WKH)ROG\:RXWKX\VHQ WUDQVIRUPDWLRQ >@ ,W FDQ
DOVR EH VROYHG DSSUR[LPDWHO\ LQ WKH SUHVHQFH RI DQ H[WHUQDO HOHFWURPDJQHWLF ILHOG ZKHQ WKH
PRPHQWXPRI WKH SDUWLFOH LV VPDOO DV FRPSDUHGZLWK PF >@7KHQ WKHGLDJRQDOL]DWLRQRI WKH
'LUDF+DPLOWRQLDQ SURGXFHV WKH3DXOL+DPLOWRQLDQ IRU HOHFWURQZLWK WKH WHUPVRI=HHPDQDQG
VSLQRUELWDO LQWHUDFWLRQV
,Q WKLV SDSHU ZH SHUIRUP DQ DSSUR[LPDWH GLDJRQDOL]DWLRQ RI WKH 'LUDF HTXDWLRQ LQ WKH
SUHVHQFH RIDQHOHFWURPDJQHWLFILHOGKRZHYHUWKHUROHRIWKHVPDOOSDUDPHWHUVZLOOEHORQJQRWWR
WKH HOHFWURQ¶V PRPHQWXP EXW WR LW¶V ZDYHOHQJWK RU IRUPDOO\ =  3UHYLRXVO\ D VHPLFODVVLFDO
DQDO\VLV RI WKH'LUDF HTXDWLRQZDV FRQGXFWHG LQ SDSHUV DQG ERRNV >@ZKHUH D QXPEHU RI
UHVXOWV ZHUHREWDLQHGUHJDUGLQJWKHHYROXWLRQRIWKHHOHFWURQVSLQEXWQRWWKHWUDMHFWRU\HTXDWLRQV
ZLWKWDNLQJVSLQGHJUHHRIIUHHGRPLQWRDFFRXQW,QGHHGWKHWUDMHFWRU\LVXVXDOO\DVVXPHGWREH
HTXDO WR WKRVH RI FODVVLFDO HOHFWURQ ,Q WKH SUHVHQW SDSHUZH GHULYH WKH VHPLFODVVLFDOPRWLRQ
HTXDWLRQERWKIRULWVVSLQDQGWUDQVODWLRQIUHHGRPGHJUHHVZLWKDQDFFXUDF\RI = LHWDNLQJWKH
LQWHUDFWLRQEHWZHHQWKHVHIUHHGRPGHJUHHVLQWRDFFRXQW:HZLOOXVHWKHFRQWHPSRUDU\WKHRU\RI
WKH PRWLRQRIVHPLFODVVLFDOSDUWLFOHVZLWKVSLQZKLFKKDVUHYHDOHGWKDWLWLVQHFHVVDU\WRWDNHLQWR
DFFRXQWWKH%HUU\JDXJHSRWHQWLDOVDQGILHOGVLQGXFHGGXULQJWKHGLDJRQDOL]DWLRQDQGWUDQVLWLRQWR
WKH DGLDEDWLF DSSUR[LPDWLRQ VHH IRU LQVWDQFH >@ DQG >@ 7KLV WKHRU\ LQ UHFHQW \HDUV
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 7KH RQO\ H[FOXVLRQ LV WKH ERRN >@ 6HFWLRQ  ZKHUH WKH DXWKRU PDNHV DQ DWWHPSW WR GHULYH WKH
WUDQVODWLRQPRWLRQHTXDWLRQZLWKWDNLQJVSLQWHUPVLQWRDFFRXQW+RZHYHUWKHHTXDWLRQGHGXFHGWKHUHLQVHHPWREH
LQFRUUHFW VLQFH WKH%HUU\ FXUYDWXUH IRU WKH'LUDF HOHFWURQ KDV EHHQ FDOFXODWHG DV D FXUO RI WKH%HUU\ FRQQHFWLRQ
ZKLFK LV LQFRUUHFW LQ QRQ$EHOLDQ FDVH FRPSDUH WKH H[SUHVVLRQ IRU WKH %HUU\ FXUYDWXUH LQ >@ ZLWK DQDORJRXV
H[SUHVVLRQVLQ>@DQG(TVEHORZ
OHDG WR WKH UHYLVLRQRI WKHPRWLRQHTXDWLRQVRI VHPLFODVVLFDOQRQUHODWLYLVWLFSDUWLFOHV LQ VROLGV
>@DQGGLVFRYHU\RIWKHWRSRORJLFDOVSLQWUDQVSRUW DQH[DPSOHRIZKLFKLVWKHLQWULQVLFVSLQ
+DOOHIIHFW >@ H[SHULPHQWDOO\FRQILUPHGUHFHQWO\ >@ ,Q WKHFDVHRIUHODWLYLVWLFSDUWLFOHV
DQDORJRXV HTXDWLRQV ZHUH REWDLQHG WKHRUHWLFDOO\ DQG FRQILUPHG H[SHULPHQWDOO\ IRU SKRWRQV
>@ DQGDOVR UHFHQWO\ IRUHOHFWURQV LQDQH[WHUQDOHOHFWULF ILHOG>@7KHSUHVHQWSDSHU
GHYHORSV DQG JHQHUDOL]HV WKH DSSURDFK RI SDSHU >@ WR WKH FDVH RI DQ DUELWUDU\ H[WHUQDO
HOHFWURPDJQHWLF ILHOG 5HFHQW WKHRU\ RI VHPLFODVVLFDO HYROXWLRQ RI SDUWLFOH ZLWK GHJHQHUDWHG
OHYHOV DQG QRQ$EHOLDQ %HUU\ JDXJH ILHOGV >@ KDV HQDEOHG XV WR VROYH WKH SUREOHP RI WKH
VHPLFODVVLFDOHYROXWLRQRIDUHODWLYLVWLFHOHFWURQ
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,QWKLV6HFWLRQZHGHULYHVHPLFODVVLFDOPRWLRQHTXDWLRQVIRUDSDUWLFOHLQWKHSUHVHQFHRID
JDXJHILHOGLQDPRVWJHQHUDOIRUP,QWKHIROORZLQJ6HFWLRQVWKHVHHTXDWLRQVZLOOEHDSSOLHGWR
WKH'LUDFHTXDWLRQDQGZLOOKHOSXVWRGHVFULEHERWKWKHHOHFWURPDJQHWLFDQG%HUU\JDXJHILHOGLQ
D FRPSDFWIRUP>@/HWWKHSDUWLFOHEHGHVFULEHGE\D6FKU|GLQJHUW\SHZDYHHTXDWLRQZLWKD
PDWUL[ +DPLOWRQLDQ  W+ Ö 53  ZKHUH 3  5 DQG W DUH WKH FDQRQLFDOPRPHQWXP FRRUGLQDWHV
DQG WLPH UHVSHFWLYHO\ DQG IURP KHUH RQ DOO PDWUL[ RSHUDWRUV DUH PDUNHG ZLWK KDWV /HW XV
LQWURGXFHDQHZHIIHFWLYH+DPLOWRQLDQ
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+HUH DQG IXUWKHU VFDODUV DGGHG WRPDWULFHV DUH DVVXPHG WREHPXOWLSOLHGE\ WKHXQLWPDWUL[RI
FRUUHVSRQGHQW GLPHQVLRQ YHFWRUV DUH GHQRWHG E\ *UHHN LQGLFHV WKH PHWULF ZLWK VLJQDWXUH   LVXVHG FW5    DQGWKHRSHUDWRURIWRWDOHQHUJ\LV

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WKH 6FKU|GLQJHUHTXDWLRQWDNHVWKHIRUP Ö+ \   ZKHUH  5D\ \ LVDPXOWLFRPSRQHQWZDYH
IXQFWLRQZKLOHUHSUHVHQWDWLRQVRIPRPHQWXPVDQGFRRUGLQDWHVDQGFRPPXWDWLRQUHODWLRQVWDNH
WKH IRUP
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$VVXPHVRPHJDXJHSRWHQWLDOVRQSKDVHVSDFH ÖU$D DQG DS$Ö  DUHLQWURGXFHGZKLFKVKLIW
ERWK WKHPRPHQWXPDQGFRRUGLQDWHVLQ+DPLOWRQLDQ
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{S$Ö VLQFHWLPHLVLQYDULDQW+HUH DSÖ DQG DUÖ DUHFRYDULDQWPRPHQWXPDQGFRRUGLQDWHV
ZKLFK FRUUHVSRQG WR LPPHGLDWHO\ PHDVXUDEOH PRPHQWXP DQG FRRUGLQDWHV RI WKH SDUWLFOH LQ
SDUWLFXODUWKH\FRUUHVSRQGWRRUGLQDU\UDWKHUWKDQJHQHUDOL]HGYDULDEOHVLQFODVVLFDOPHFKDQLFV
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ZKHUH x VWDQGV IRU V\PPHWUL]HG SURGXFW:KHQ WKH FRPPXWDWLRQ UHODWLRQV DUH FDQRQLFDO OLNH
(TVHTXDWLRQVEHFRPHFODVVLFDO+DPLOWRQLDQHTXDWLRQV,QIOXHQFHRIWKHJDXJHILHOGRQ
WKHWUDMHFWRU\RIPRWLRQLVFRQWDLQHGLQWKHQRQWULYLDOFRPPXWDWRUVLQ(TV)RUFRPPXWDWRUV
RIFRYDULDQWYDULDEOHVZHKDYH
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WKH DQWLV\PPHWULF WHQVRU RI WKH JDXJH ILHOG FXUYDWXUH RQ WKH SKDVH VSDFH ZLWK
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7RGHVFULEHDSDUWLFOHZLWKDQDGGLWLRQDOVSLQIUHHGRPGHJUHHRQHQHHGWRLQWURGXFHWKH
XQLW YHFWRU RI SRODUL]DWLRQ _ F  7KHQ D FODVVLFDO YDOXH WKDW FRUUHVSRQGV WR WKH FHQWHU RI
VHPLFODVVLFDOSDUWLFOHZDYHSDFNHWLVSURGXFHGIURPDJLYHQTXDQWXPRSHUDWRUE\UHSODFLQJWKH
GLIIHUHQWLDO RSHUDWRUV  ZLWK WKH FRUUHVSRQGLQJ FODVVLFDO YDOXHV DQG E\ FRQYROXWLRQ RI LWV
PDWUL[ZLWKWKHSRODUL]DWLRQYHFWRU Ö _ _ 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,Q ZKDW IROORZVZHGHQRWH FODVVLFDO SDUDPHWHUVRI WKHSDUWLFOH¶V FHQWHUE\ WKH VDPHFKDUDFWHUV
ZLWKRXW KDWV$VDUHVXOWVHPLFODVVLFDOHTXDWLRQVRIPRWLRQRIWKHSDUWLFOH¶VFHQWHUIROORZIURP
(TV
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,Q VSLWH RI WKH IDFW WKDW WKHVH DUH HTXDWLRQV IRU FODVVLFDO G\QDPLFDOYDULDEOHV WKH\ FDQ FRQWDLQ
WHUPVRIWKHRUGHURI=  ZKLFKGHVFULEHWKHLQIOXHQFHRIWKHVSLQGHJUHHRIIUHHGRP
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7KHHIIHFWLYH+DPLOWRQLDQIRUWKH'LUDFHTXDWLRQZLWKDQH[WHUQDOHOHFWURPDJQHWLFILHOG
LVHTXDO
     ÖÖ Ö+  H3 5 3 5 F PFFD D E E DE § · D  E¨ ¸© ¹$  
ZKHUH EÖ DQG  DÖÖÖ D DD DUH 'LUDF PDWULFHV ZLWK  ÖÖ  D LV WKH XQLW PDWUL[ D$ LV WKH
HOHFWURPDJQHWLF SRWHQWLDO DQG VXPPDWLRQ RYHU UHSHDWHG LQGLFHV LV XQGHUVWRRG )RUPDOO\
+DPLOWRQLDQ  LV RI WKH IRUP RI WKH +DPLOWRQLDQ RI D IUHH HOHFWURQ ZKHQ RQH LQWURGXFHV
PRPHQWXP DDD $F
H3S  a  +RZHYHU LW FDQQRW EH GLDJRQDOL]HG E\ )ROG\:RXWKX\VHQ
WUDQVIRUPDWLRQIRUIUHHSDUWLFOH>@EHFDXVHRIQRQWULYLDOFRPPXWDWLRQUHODWLRQVRIWKHVSDFH
FRPSRQHQWVRI DSa  > @ NLMNML FHLSS +H= aa  ZKHUH+ LVWKHH[WHUQDOPDJQHWLFILHOG7KHPDWWHURI
WKH IDFW LV WKDW UHODWLRQ   Ö 3 3D KHUH DQG IXUWKHU  3{3  FUXFLDO IRU )ROG\:RXWKX\VHQ
WUDQVIRUPDWLRQ IDLOV ,QVWHDG RI WKLV WKH IROORZLQJ UHODWLRQ WDNHV SODFH IRU PRPHQWXP Sa 
   ÖÖ HS F S = D 6+  ZKHUH Ö  6 LVWKHRSHUDWRURIVSLQRI'LUDFSDUWLFOH
:H UHYHDO WKDW LI RQH PDNHV D VXEVWLWXWLRQ    ÖÖ H3 S Fo  S = D 6+ LQ WKH )ROG\:RXWKX\VHQWUDQVIRUPDWLRQIRUIUHHSDUWLFOHWKHQLWGLDJRQDOL]HV'LUDFHTXDWLRQLQVHPLFODVVLFDO
DSSUR[LPDWLRQZLWKDQDFFXUDF\RI =  6HPLFODVVLFDODSSUR[LPDWLRQLVQHHGHGKHUHWRFRQVLGHU
Sa DQG += DV FRPPXWLQJ YDOXHV 7KXV WKH PRGLILHG )ROG\:RXWKX\VHQ WUDQVIRUPDWLRQ LV
GHWHUPLQHGE\XQLWDU\RSHUDWRU
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PDGH ZLWKDQDFFXUDF\RI = LQ+DPLOWRQLDQ%\PDNLQJDVXEVWLWXWLRQ Ö8\ \ c ZLWKRSHUDWRU
 ZH KDYH D WUDQVIRUPDWLRQ IRU +DPLOWRQLDQ  Ö Ö Ö Ö+ +8 8c   &DOFXODWLRQV OHDG WR WKH
IROORZLQJ +DPLOWRQLDQ
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DUH FRYDULDQWFRRUGLQDWHVGHWHUPLQHGE\WZRJDXJHSRWHQWLDOVWKHHOHFWURPDJQHWLFRQHDQGSXUH
JDXJH SRWHQWLDO ÖÖÖ 88L$ 00 DD w ZLWK  Ö Ö3$ D  3$  LQGXFHG E\ WUDQVIRUPDWLRQ  RQ WKH
SKDVH VSDFH 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ZKHUH DV LW LV VKRZQ LQ >@RSHUDWRU  ÖÖ Ö Ö Ö u   u3/ S $ 5 U S= KDV WKHPHDQLQJRI WKH
LQWULQVLF DQJXODU PRPHQWXP RI VHPLFODVVLFDO SDUWLFOH 7KH YDOXH =aÖ(' LV WKH HQHUJ\ RI WKH
LQWHUDFWLRQRIVSLQDQGLQWULQVLFDQJXODUPRPHQWXPVZLWKWKHPDJQHWLFILHOG
+DPLOWRQLDQ  LV DOPRVW EORFNGLDJRQDO &URVV WHUPV ZKLFK FRQQHFW WKH XSSHU DQG
ORZHU FRPSRQHQWVRIWKHIRXUFRPSRQHQWZDYHIXQFWLRQ\ c  LVRIWKHRUGHURI= DQGDULVHGXHWR
WKH QRQEORFNGLDJRQDO VWUXFWXUH RI WKH JDXJH SRWHQWLDO Ö0$ D  ,Q DGLDEDWLF DSSUR[LPDWLRQ LHZKHQFRQVLGHULQJWKHSRVLWLYHHQHUJ\OHYHORQO\WKHOHIWXSSHU u VHFWRURI(TSUHVHQWV
WKH GHVLUHG +DPLOWRQLDQ RI WKH HOHFWURQ ZLWK DQ DFFXUDF\ RI =  &RUUHVSRQGLQJO\ WKH ZDYH
IXQFWLRQRIWKHHOHFWURQ\   LVUHSUHVHQWHGE\WZRXSSHUFRPSRQHQWVRI\ c  %\PDUNLQJWKHOHIW
XSSHU u VHFWRURIPDWUL[RSHUDWRUVE\VXSHUVFULSW³´ZLWK Ö Ö+ + c {  ZHREWDLQ
     ÖÖ ÖÖ Ö Ö+  SS U ( ( S U S FD D D D      '   
     
D
DDDD
5$UF
H3S ÖÖÖ =$    
D
DD
3$5U ÖÖ =  
 Ö ÖÖ S S
H F HF( ( (
 '    /= V+ +  
ZKHUH ÖV LV WKH YHFWRU RI 3DXOL PDWULFHV ,Q (TV  DQG IXUWKHU ZH XVH WKDW LQ WKH
DSSUR[LPDWLRQ FRQVLGHUHG ÖS S SD D D    ÖU 5 UD D D   LQ WHUPV RI WKH RUGHU RI =
 Ö _ _ S SD DF F DQG Ö _ _ U UD DF F DUH WKH HOHFWURQ¶V FODVVLFDO PRPHQWXP DQG
FRRUGLQDWHV 3RWHQWLDOV 
D3
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$Ö DUH FRPSRQHQWV RI WKH %HUU\ JDXJH SRWHQWLDO %HUU\
FRQQHFWLRQ LW GHVFULEHV WKH QRQWULYLDO JHRPHWU\ DQG WRSRORJ\ RI WKH ILEHU EXQGOH RI
+DPLOWRQLDQHLJHQYHFWRUVRYHUWKHHOHFWURQ¶VSKDVHVSDFH,QSK\VLFDOWHUPVLWLVUHVSRQVLEOHIRU
WKHLQWHUDFWLRQEHWZHHQVSLQDQGWUDQVODWLRQIUHHGRPGHJUHHV>@RUIRUDODWHQWLQIOXHQFHRIWKH
QHJDWLYHHQHUJ\ OHYHO VHH >@ 'LUHFW FDOFXODWLRQV OHDG WR WKH IROORZLQJ FRPSRQHQWV RI WKH
%HUU\JDXJHSRWHQWLDOFRPSDUHZLWK>@
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:KHQRQHXVH WKH+DPLOWRQLDQDVDQRSHUDWRUDFWLQJRQ WKHZDYHIXQFWLRQUDWKHU WKDQD
IXQFWLRQRI WKHFRYDULDQWSRVLWLRQDQGPRPHQWXPRSHUDWRUV LW LVPRUHFRQYHQLHQW WRUHSUHVHQW
 DVDIXQFWLRQRIFDQRQLFDOYDULDEOHV
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7KLV IRUPRIWKH+DPLOWRQLDQKDVEHHQREWDLQHGHDUOLHULQ>@ DQGLWLVXVHIXOIRUWKHDQDO\VLVRI
SRODUL]DWLRQHYROXWLRQDQG%HUU\SKDVH7KHHQHUJ\FRUUHFWLRQ Ö(' LVVRFDOOHGµQRQDPHWHUP¶
LQ >@ZKLOHWKHODVWWHUPLQ(TLVDFFRXQWDEOHIRU  68  KRORQRP\GHVFULEHGE\WKH
%HUU\ JDXJH SRWHQWLDO %\ XVLQJ (TV DQG WKH PRWLRQ HTXDWLRQ RI ]HUR FODVVLFDO
DSSUR[LPDWLRQ RQH FDQ GHGXFH WKDW UHODWLRQ Ö Ö0$ 0E E  $S  WDNHV SODFH KHQFH WKH ODVW
WRSRORJLFDOWHUPLQ(TLVGHWHUPLQHGLQIDFWE\WKH%HUU\JDXJHSRWHQWLDOLQ SVSDFHRQO\
6XEVWLWXWLRQRI D0 IURPFODVVLFDOPRWLRQHTXDWLRQVZLWK(TV OHDGV(TWR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ZKHUH( LVWKHH[WHUQDOHOHFWULFILHOG,QWKHQRQUHODWLYLVWLFOLPLW(TJRHVWRWKHZHOONQRZQ
3DXOL +DPLOWRQLDQ ZLWK WHUPV RI =HHPDQ DQG VSLQRUELW LQWHUDFWLRQV ,Q VR GRLQJ H[SUHVVLRQ
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
= =+ ( FRUUHVSRQGVWRWKHVSLQRUELWLQWHUDFWLRQWHUPLQ(TFRPSDUH
ZLWK>@7KXVHTXDWLRQVDUHWKHVHPLFODVVLFDOJHQHUDOL]DWLRQRI3DXOL+DPLOWRQLDQ
IRU WKHFDVHRIDUELWUDU\HQHUJLHV
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7KH HYROXWLRQ RI D VHPLFODVVLFDO SDUWLFOH FDQ EH GHVFULEHG E\ PRWLRQ HTXDWLRQV IRU LWV
FHQWHUDQGIRUQRQ$EHOLDQLQWKHFDVHRIGHJHQHUDWHGOHYHOSKDVHRUSRODUL]DWLRQ&RRUGLQDWHV
RI WKHHOHFWURQ¶VFHQWHULQWKHSKDVHVSDFHDUHGHWHUPLQHGE\FRYDULDQWYDULDEOHV DSÖ  DUÖ  DQG
+DPLOWRQLDQZKHUHDVWKHHYROXWLRQRILWVSKDVHDQGSRODUL]DWLRQLVGHWHUPLQHGWKURXJKWKH
DFWLRQLHWKURXJKFDQRQLFDOFRRUGLQDWHVDQG+DPLOWRQLDQRU/HWXVFRQVLGHUILUVWWKH
HYROXWLRQRIWKHSRODUL]DWLRQ
0RWLRQHTXDWLRQIRU WKHXQLWYHFWRURISRODUL]DWLRQ _ F  FDQEHZULWWHQRXWEDVHGRQWKH
+DPLOWRQLDQVHH>@%\RPLWWLQJVFDODUWHUPVZKLFKUHVXOWLQWKHDSSHDUDQFHRIXVXDO 8 SKDVHIRU  68  HYROXWLRQRISRODUL]DWLRQZHKDYH
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ZKHUH 3 LV WKH RSHUDWRU RI FKURQRORJLFDO RUGHULQJ DQG & LV WKH FRQWRXU DORQJ ZKLFK WKH
HOHFWURQPRYHV LQ WKHFODVVLFDOSKDVH VSDFH ,QQRQ$EHOLDQSKDVHRI(T WKHQRQ$EHOLDQ
%HUU\ SKDVH LV SUHVHQW WKDW FRUUHVSRQGV WR JHQHUDO WKHRU\ >@ ,Q IDFW LW LV GHWHUPLQHG E\ WKH
%HUU\JDXJHSRWHQWLDOLQ SVSDFHRQO\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7KLV LVNQRZQPRWLRQHTXDWLRQIRU WKHFODVVLFDOVSLQRI WKHHOHFWURQVRFDOOHG%07HTXDWLRQ
WKDW KDVEHHQSURSRVHGIRUWKHILUVWWLPHLQ>@DQGULJRURXVO\GHULYHGLQ>@
1RZ OHWXVGHGXFHVHPLFODVVLFDOHTXDWLRQVRIPRWLRQRIWKHHOHFWURQ¶VFHQWHU$FFRUGLQJWR
(TVWKH\DUHGHWHUPLQHGE\FRPPXWDWRUVRIFRYDULDQWYDULDEOHV5DWKHUFRPSOLFDWHGEXW
GLUHFWFDOFXODWLRQVRIFRPPXWDWRUVRI(TVZLWK(TVJLYH
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+HUH 5DDE E w ) $ LV WKH WHQVRU RI WKH HOHFWURPDJQHWLF ILHOG ZLWK  ÖUDE DE D ) )  LQ
(TV Ö Ö ÖÖ Ö S S 3 3 3 3) ) $ L $ $D E D E D EDE    ª º{  w   ¬ ¼ LVWKHDQWLV\PPHWULFWHQVRURI%HUU\JDXJHILHOG
%HUU\ FXUYDWXUH LQWKHPRPHQWXPVSDFHDQGLQGHULYDWLRQRI WKHPRPHQWXPVFRPPXWDWRU LQ
(T0D[ZHOOHTXDWLRQ 5 5 5D E JEJ JD DEw  w  w  ) ) ) ZDV XVHG>@6LPLODUWR(TVDOO
WRSRORJLFDO YDOXHV DUH H[SUHVVHG WKURXJK %HUU\ JDXJH ILHOG RQ SVSDFH LQZKLFK RQO\ VSDFH
FRPSRQHQWVDUHQRQ]HURDQGKHQFHLWFDQEHFKDUDFWHUL]HGE\WKHGXDOYHFWRU Ö)  Ö ÖLM LMN N) )H 
LMNH LVWKHXQLWDQWLV\PPHWULFWHQVRU
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,W LV ZRUWK QRWLQJ WKDW FRPPXWDWRUV LQ (T GR QRW UHSUHVHQW WKH VXP RI WKH
HOHFWURPDJQHWLFILHOGDQG%HUU\JDXJHILHOGGHWHUPLQHGLQDVWDQGDUGZD\WKURXJKSRWHQWLDOV
>@ ([SUHVVLRQV  HVVHQWLDOO\ FRQWDLQ FRPPXWDWRUV RI WKH HOHFWURPDJQHWLF SRWHQWLDO
DQG WKH%HUU\JDXJHSRWHQWLDO7KLVLVWKDWWKDWSURYLGHVIRUFRYDULDQWIRUPRI(TVDQG
SRLQWV RXW WKDW%HUU\ JDXJH ILHOG FDQQRW EH LQWURGXFHG DV DGGLWLYH WR WKH HOHFWURPDJQHWLFRQH
RQO\ SRWHQWLDOVDUHDGGLWLYHEXWQRQFRPPXWLQJTXDQWLWLHV,WLVFRUUHFWWRWDONRQO\RIWKHWRWDO
JDXJH ILHOGLQ(TVZKLFKLVGHWHUPLQHGE\WKHWRWDOJDXJHSRWHQWLDOHOHFWURPDJQHWLFSOXV
%HUU\¶V 7KH WRWDO JDXJH ILHOG LV  8 RQH ZKHUHDV WKH SURSHU HOHFWURPDJQHWLF SRWHQWLDO
GHWHUPLQHV  8 ILHOGDQGWKH%HUU\JDXJHSRWHQWLDOGHWHUPLQHV  68 ILHOG
6XEVWLWXWLQJ(TVDQGLQ(TVRQHFDQGHULYHVHPLFODVVLFDOPRWLRQHTXDWLRQVRI
WKH HOHFWURQ %\ LQWURGXFLQJ PRPHQWXP FRRUGLQDWHV DQG RWKHU FODVVLFDO TXDQWLWLHV IRU WKH
SDUWLFOH¶VFHQWHUDV Ö+  _ + _ F F  Ö _ _ ( (F F'  '  Ö _ _ 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ZHREWDLQUHVXOWLQJPRWLRQHTXDWLRQV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7KLV LV WKHPRVW ODFRQLFGLPHQVLRQDO IRUPRI WKHPDLQ HTXDWLRQVRI WKHSUHVHQWSDSHU7KH\
VKRZWKDW WKHHOHFWURQFHQWHU WUDMHFWRU\LVGHWHUPLQHGE\WZRJDXJHILHOGVHOHFWURPDJQHWLFRQH
DQG %HUU\JDXJHILHOGLQWKHPRPHQWXPVSDFH$VLQWKHFDVHRISRODUL]DWLRQ(TWKHRWKHU
FRPSRQHQWVRIWKH%HUU\JDXJHILHOGGRQRWFRQWULEXWHWRWKHPRWLRQHTXDWLRQV6LQFHWKH%HUU\
JDXJH ILHOG  GHSHQGV RQ WKH HOHFWURQ¶V VSLQ YHFWRU 6  WKH PRWLRQ HTXDWLRQV  IRUP
FRPSOHWH V\VWHP WRJHWKHU ZLWK WKH VSLQ PRWLRQ HTXDWLRQ  ,Q WKH GLPHQVLRQDO IRUP WKH
VSDFH FRPSRQHQWVRIHTXDWLRQVZLWKVXEVWLWXWLRQRI+DPLOWRQLDQ\LHOG
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7KH WRSRORJLFDOWHUPLQWKHVHFRQGHTXDWLRQKDVWKHIRUPRIWKHµ/RUHQW]IRUFH¶WKDWLVFDXVHGE\
WKH µPDJQHWLFILHOG¶) LQWKHPRPHQWXPVSDFH,QWKLVUHSUHVHQWDWLRQWKHWRSRORJLFDOWHUPORRNV
H[DFWO\ DV LQ WKH DEVHQFHRI WKH H[WHUQDOPDJQHWLF ILHOG >@ EXW LQ IDFW HTXDWLRQV  EHLQJ
UHVROYHGZLWKDQDFFXUDF\RI = UHODWLYHO\WRWKHWLPHGHULYDWLYHVDUHRIDUDWKHUFRPSOH[IRUP
ZLWKDQXPEHURIWHUPVXQNQRZQEHIRUH
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0RWLRQ HTXDWLRQV  DUH VXEVWDQWLDOO\ GLIIHUHQW IURP WKH HTXDWLRQV IRU FDQRQLFDO
YDULDEOHVZKLFK IROORZ IURP3DXOLW\SH+DPLOWRQLDQ  (TXDWLRQV  LVRIFRYDULDQW
IRUPWKDWLVWKH\WUDQVIRUPFRYDULDQWO\XQGHU  8 JDXJHWUDQVIRUPDWLRQVZKLFKDUHFRQQHFWHG
ZLWKWKHIUHHGRPRIWKHFKRLFHRIDEDVLVFRUUHVSRQGLQJWRGRXEOHGHJHQHUDWHGHQHUJ\OHYHO7KH
WRSRORJLFDO WHUPVLH WKRVH WKDWDUHSURSRUWLRQDO WRWKH%HUU\JDXJHILHOG LQWKHILUVWHTXDWLRQ
UHSUHVHQWDIRUFHQRQOLQHDUZLWKUHVSHFWWRWKHH[WHUQDOHOHFWURPDJQHWLFILHOG7KLVSRLQWVDW
HVVHQWLDOHQWDQJOHPHQWRIWKHWZRJDXJHILHOGVVHSDUDWHGIRUPDOO\LQ(TV
:LWKRXW WKH PDJQHWLF ILHOG LQ WKH QRQUHODWLYLVWLF OLPLW WKH ILUVW HTXDWLRQ  EHFRPHV
HYLGHQW H S (  ZKLOHWKHVHFRQGRQHZLWK(T\LHOGVZLWKDQDFFXUDF\RI  P F
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7KH ODVW WHUP GHVFULEHV WRSRORJLFDO VSLQ WUDQVSRUW RI WKH HOHFWURQ DQG FDXVHV D VSLQ FXUUHQW
RUWKRJRQDO WRWKHHOHFWULFILHOGH[DFWO\OLNHLQVSLQ+DOOHIIHFW>@$VLWLVVKRZQLQ>@
WKLVWHUPLVSUHFLVHO\WZRWLPHVODUJHULQPDJQLWXGHWKHQWKHDQDORJRXVRQHWKDWIROORZVIURPWKH
3DXOL +DPLOWRQLDQZLWKVSLQRUELWLQWHUDFWLRQ,QWKHXOWUDUHODWLYLVWLFOLPLWWKHPRWLRQHTXDWLRQ
ZLWKDQDFFXUDF\RI  S KDVWKHIRUP
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ZKHUH    SO  6S  LV WKHHOHFWURQKHOLFLW\+HUHWKHWRSRORJLFDO WHUPKDVWKHIRUPRI/RUHQW]
IRUFH FDXVHG E\ µPDJQHWLFPRQRSROH¶ DW WKH RULJLQ RI WKHPRPHQWXP VSDFH ,W DOVR GHVFULEHV
WRSRORJLFDO VSLQ WUDQVSRUW RI VSLQ +DOO HIIHFW W\SH >@ DQG VLPLODU WR RSWLFDO 0DJQXV
HIIHFW >@ $QDORJRXV HTXDWLRQ ZLWK P   WDNHV SODFH IRU SKRWRQV >@ LWV
FRQVHTXHQFHVZHUHYHULILHGH[SHULPHQWDOO\>@
1RWHWKDWWKHWUDMHFWRU\HTXDWLRQVSURSRVHGLQ>@DOVROHDGWRWKHLQFRUUHFWFRHIILFLHQWLQVWHDGRIDW
WKHODVWWHUPRI(T
,QDXQLIRUPPDJQHWLFILHOGZLWKRXWHOHFWULFILHOGDQRQUHODWLYLVWLFHOHFWURQPRYHVDORQJ
WKH/DUPRURUELW:HDVVXPH  S+ IRUVLPSOLFLW\DQG P 6 ++  7KHQWKHILUVW(TZLWK
(TZLWKDQDFFXUDF\RI  P F \LHOGV
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7KH VLPLODU HTXDWLRQ WKDW IROORZV IURP WKH UHILQHG 3DXOL +DPLOWRQLDQ  VHH >@ KDV WKH
RSSRVLWHVLJQEHIRUHWHUPZLWK P  7KXV(TSUHGLFWVDVSOLWWLQJRI WUDMHFWRULHVRI WZRVSLQ
VWDWHV LQ DZD\RSSRVLWH WR WUDGLWLRQDOPRWLRQ HTXDWLRQV([SUHVVLRQ LQSDUHQWKHVHV LQ(T
GHVFULEHV VKLIW RI WKH F\FORWURQ IUHTXHQF\ ZKLFK FDQ EH UHSUHVHQWHG DV
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+ ZLWK  F H PFZ  +  'XH WR WKH GLVWLQFWLRQ LQ VLJQV DW WKH WHUP
ZLWK P LQ(TRXUHTXDWLRQVSUHGLFW WKHF\FORWURQIUHTXHQF\WREHORZHUIRUSRVLWLYH P 
WKDQ 3DXOL+DPLOWRQLDQ F\FORWURQ IUHTXHQF\ WKH GLIIHUHQFH HTXDOV   F HP FZ P'  
=+  7KH XOWUD
UHODWLYLVWLFOLPLWRIDQDQDORJRXVSUREOHPZLWKDQDFFXUDF\RI  S OHDGVWRWKHPRWLRQHTXDWLRQV
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7KH ODVW WHUPKHUHFRQWDLQVDWHUPWKDWLVSURSRUWLRQDOWRHOHFWURQKHOLFLW\DQGLVGLUHFWHGDORQJ
+  ,W FDXVHV WRSRORJLFDO VSLQ WUDQVSRUW RI WKH HOHFWURQ VLPLODU WR VSLQ+DOO HIIHFW DQG RSWLFDO
0DJQXVHIIHFWEXWLQWKHDEVHQFHRIHOHFWULFILHOG
$OO SUHGLFWLRQV PHQWLRQHG DERYH FRXOG EH H[SHULPHQWDOO\ YHULILHG LQ WKH VFDWWHULQJ RI
UHODWLYLVWLF SDUWLFOHV LQ DQ H[WHUQDO HOHFWURPDJQHWLF ILHOG DQG E\ PHDVXUH RI WKH F\FORWURQ
IUHTXHQF\VKLIWLQDPDJQHWLFILHOG
9,&21&/86,21
:H KDYHFRQVLGHUHGVHPLFODVVLFDOHYROXWLRQRIDQHOHFWURQLQDQH[WHUQDOHOHFWURPDJQHWLF
ILHOG7KH'LUDF HTXDWLRQKDVEHHQGLDJRQDOL]HG LQ WKH ILUVWRUGHU DSSUR[LPDWLRQ LQ = ZLWK DQ
DUELWUDU\ SDUWLFOH HQHUJ\ DQG DQ DUELWUDU\ H[WHUQDO ILHOG :H KDYH GHWHUPLQHG WKH FRYDULDQW
PRPHQWXPDQGFRRUGLQDWHVIRUHOHFWURQ>@DQGFRPSXWHGWKHLUQRQWULYLDOFRPPXWDWRUVWDNLQJ
LQWRDFFRXQWWKH%HUU\JDXJHSRWHQWLDOLQGXFHGGXULQJWKHGLDJRQDOL]DWLRQRIWKH'LUDFHTXDWLRQ
7KH FRPPXWDWRUVFRQWDLQ  8 JDXJHILHOGZKRVHSRWHQWLDOLVWKHVXPRI  8 HOHFWURPDJQHWLF
SRWHQWLDO DQG  68 QRQ$EHOLDQ%HUU\JDXJHSRWHQWLDO7KHPDLQUHVXOWVRI WKLVSDSHUDUH WKH
HOHFWURQ¶V VHPLFODVVLFDOPRWLRQ HTXDWLRQV SRODUL]DWLRQ HYROXWLRQ HTXDWLRQ ZKLFKJLYHV ULVH WR
%07 HTXDWLRQ IRU WKH VSLQ SUHFHVVLRQ >@ DQG +DPLOWRQLDQ HTXDWLRQV IRU LWV FHQWHU¶V
WUDMHFWRU\7KHVHHTXDWLRQVHIIHFWLYHO\FRQWDLQWRSRORJLFDOWHUPVGHILQHGE\WKH%HUU\JDXJHILHOG
LQWKHPRPHQWXPVSDFH7UDMHFWRU\HTXDWLRQVKDYHDFRYDULDQWIRUPDQGVXEVWDQWLDOO\GLIIHUIURP
WKH 3DXOL+DPLOWRQLDQ HTXDWLRQV IRU FDQRQLFDO YDULDEOHV :H KDYH EULHIO\ QRWHG WKH EDVLF
VLPSOHVW FRUROODULHV DQG QHZ HIIHFWV WKDW IROORZ IURP WKHVH HTXDWLRQV DQG VKRZQ WKH
FRUUHVSRQGHQFH EHWZHHQ OLPLW FDVHV DQG WKH ODWHVW UHVHDUFK LQ WRSRORJLFDO VSLQ WUDQVSRUW RI
UHODWLYLVWLFSDUWLFOHV
:HFRQVLGHUHGVHPLFODVVLFDODQGDGLDEDWLFDSSUR[LPDWLRQVDVDIRUPDODV\PSWRWLFV o=  ,QUHDOSK\VLFDO
VLWXDWLRQ WKHVH DSSUR[LPDWLRQV UHTXLUH WKH VPDOOQHVV RI D GLPHQVLRQOHVV SDUDPHWHU SURSRUWLRQDO WR WKHZDYHOHQJWK
 S= DQG WR WKH HOHFWURPDJQHWLF ILHOG VWUHQJWK  PD[ H
F
( +  ,W FDQ EH GHWHUPLQHG IURP WKH UHTXLUHPHQW WKDW WKH
ZDYHOHQJWKPXVWEHPXFKVPDOOHUWKDQDOORWKHUFKDUDFWHULVWLFVFDOHVRIWKHV\VWHPHYROXWLRQDQGWKHILHOGVWUHQJWK
PXVWEHVPDOOHQRXJKWRDYRLGFUHDWLRQRIHOHFWURQSRVLWURQSDLUV
7KHZRUNZDV SDUWLDOO\ VXSSRUWHG E\ ,17$6 *UDQW 1R  DQG E\8NUDLQLDQ
3UHVLGHQW¶V*UDQWIRU<RXQJ6FLHQWLVWV*3)
1RWHDGGHG$UHODWHGSDSHU';LDR-6KLDQG41LXFRQGPDWWKDWFRQVLGHU
HOHFWURQLQDVROLGKDYHDSSHDUHGDIWHUWKHVXEPLVVLRQRIWKLVZRUN'HVSLWHWKDWWKHDXWKRUVWKHUH
XVHDQRWKHUSRVVLEO\PRUHDSWLGHDDERXWFRUUHFWLRQWRWKHHOHFWURQGHQVLW\RIVWDWHVWKH\GHULYH
WKH FRPPXWDWLRQ UHODWLRQV VLPLODU WR (T DQG SUHGLFW DQDORJRXV VKLIW RI WKH HOHFWURQ¶V
F\FORWURQIUHTXHQF\
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